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Recap: Languages & Regular Expressions
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Regular Expressions — Syntax

A regular expression R is defined recursively via the following rules:

1. €, 0, and a are regular expressions foreverya € X

2. If R; and R, are regular expressions, then so are
(R1U R3) ,(R1° Ry) ,and (R7)

Examples: (over X = {a, b,c}) (with simplified notation)
ab , ab*c U (a*b)* , 1)

September 22, 2026 CS332 - Theory of Computation



Regular Expressions - Semantics

L(R) =the language a regular expression describes
L(®) =0

L(e) = {¢}

L(a) = {a}foreverya € X

L((R1U Rz)) = L(Rq) U L(R)

L((Ryi° R3)) = L(Ry) o L(R>)

L((RD) = (L(RY)*

Example: L(a*b*) = {a™b™ | m,n = 0}

o 1 s~ w2
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Syntactic Sugar

* For alphabet X, the regex X represents L(X) = X

* Forregex R, theregex Rt = RR"
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Equivalence: Regular Expressions & NFAs
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Regular Expressions Describe Regular Languages

Theorem: A language A is regular if and only if it is described by a
regular expression

Theorem 1: Every regular expression has an equivalent NFA

Theorem 2: Every NFA has an equivalent regular expression
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Regular expression - NFA

Theorem 1: Every regex has an equivalent NFA

Proof: Induction on size of a regex

Base cases:
R =0
R =¢
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Question: Regular expression — NFA

Theorem 1: Every regex has an equivalent NFA
Proof: Induction on size of a regex

What should the inductive hypothesis be?

a) Suppose some regular expression of length k can be converted to
an NFA

b) Suppose every regular expression of length k can be converted to
an NFA

c) Suppose every regular expression of length at most k can be
converted to an NFA

d) None of the above
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Regular expression - NFA

Theorem 1: Every regex has an equivalent NFA

Proof: Induction on size of a regex

Inductive step:
R — (R]_U Rz)

R = (R1Ry)

R = (Ry)
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Example: Convert (1(0 U 1))* to an NFA
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Regular Expressions Describe Regular Languages

Theorem: A language A is regular if and only if it is described by a
regular expression

Theorem 1: Every regular expression has an equivalent NFA

Theorem 2: Every NFA has an equivalent regular expression
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NFA — Regular expression

Theorem 2: Every NFA has an equivalent regex

Proof idea: Simplify NFA by “ripping out” states one at a time and
replacing with regexes

01*0
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Generalized NFAs

Every transition is labeled by a regex

One start state with only outgoing transitions

Only one accept state with only incoming transitions

Start state and accept state are distinct

auUb
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Generalized NFA Example

R(qy,q) =
R(q. q)

R(q,qs)
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Question: Which of these strings is accepted?

Which of the following strings is accepted by this GNFA?

aVUb
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NFA — Regular expression

“ I k + 2 states
k states
k + 1 states
2 states

Regex

September 22, 2026 CS332 - Theory of Computation



NFA - GNFA

E
e
— N NFA _——
<

e Add a new start state with no incoming arrows.

e Make a unique accept state with no outgoing arrows.
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GNFA — Regular expression

ldea: While the machine has more than 2 states, rip one out and
relabel the arrows with regexes to account for the missing state

a*b a

|
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Question: GNFA — Regular expression

ldea: While the machine has more than 2 states, rip one out and
relabel the arrows with regexes to account for the missing state

a) a*b(a VU b)a ayb

b) a*b(a U b)*a m

c) atbu(aUb)Ua a a’h : L
) None of the above

d
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GNFA — Regular expression

ldea: While the machine has more than 2 states, rip one out and
relabel the arrows with regexes to account for the missing state

aVUb
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GNFA — Regular expression

ldea: While the machine has more than 2 states, rip one out and
relabel the arrows with regexes to account for the missing state
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Example
N

=0

’ /a
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Quiz time!

Qu)
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