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Last Time

* Regular expressions characterize the regular languages

* Everyregex can be converted to an NFA recognizing its
language

* Every NFA can be converted to a regex generating its language
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Last time: NFA > Regex

Theorem 2: Every NFA has an equivalent regular expression
Given NFA N:

1. Make N into a GNFA by adding new start and accept state
2. For each non-start and non-accept state q:

For each pair of states p, r:

Replace R,
*
Rl @RB RL‘UR“R;R‘,
o Q—>
R,

3. Output regex labeling transition from start to accept state
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Last time: Example for NFA > Regex
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Limitations of Finite Automata
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Motivating Questions

* We’ve seen several techniques for showing languages are regular

* How can we tell if we’ve found the smallest DFA recognizing a
given language?

* Which languages are not regular”? How can we prove so?
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An Example 1 .

" b}

A={we{0,1}" | wends with 01 } i

Claim: Every DFA recognizing A needs at least 3 states

Proof: Let M be any DFA recognizing A. Consider running M on each
ofx =gy =0,w=01

let 9x = stofe Yok M redhes 0w Twpul X=¢. QXX
g = Shik *© v Yoo twpd Y =0, >k
Qw = spte v W N o \‘.,.’ont W =01, qq —— 9(41
_@n’ Qx\qv.?w ae ol  dishuct stolee,
Uaim T: 9 # ¢ omd FuTY, becousc 9 ¥ o ougl ke
bk q,. 9, oe rgjet smtey

Joim T 9 #9y. wh? Suprose for contradiction Hot 9,=9,.
lf 2 =1, lat ?X% = Stoke ot M geadhes ouuvd’ X2=€421

£ A
\5 99z = Stote Hol M reoda ow fopdt y2= M A
“3 Cxz & @ cguh Siole wheay Ly 9 om ol ok

Bk 2)(3—'?4,} =) C,O\A*I'Qidj‘h\% =) ?x‘#?y, 72
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A General Technique A={we€{0,1}" | wends with 01 }

Definition: Strings x and y are distinguishable by L if there exists a
“distinguishing extension” z € £* such that exactly one of xz or yz is

in L.

Ex.x = ¢, y = 0 ar dA\S"IWM.S\O\Q.\O‘e \97 A loecause
2=l & @ divtiagmiswing extemsion
X2 = €1 =1 4 A

Yyt = 04ch [/

Definition: A set of strings S is pairwise distinguishable by L if
every pair of distinct strings x, y € S is distinguishable by L.

Ex.S = {¢0,01}
- =y Vv
o X=¢ ‘{:O =) z q z-OEf _o K A
. xz0 Yy=z=o04 =, E°E Z - - v
X ¥ = 04 N re01e=01¢A
_ce-€ £ A
X=€ Y=01 _5 z2=¢ ) x&=Et 2 £ V4
Nyqz-oag- 01 € A
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A General Technique

Theorem: If S is pairwise distinguishable by L, then every DFA
recognizing L must have at least |S| states tﬁ,s © M comedl recoy 1;;)

Proof: Let M be a DFA with < |S| states. Yo loguoge |
Claim: There are distinct strings x, y € S such that M ends up in
same stateonxandy .. . Why7 v \>;3‘e,,,,l\,,,o\,z f’n"‘“w\t

Pigeons: Slangs T4 S PYS‘“?’L P%&Ou X 4o to “hole” 9x Wit
Holeg: ¢iokes ol M Qx = Stoke N reldues onw vaV«T )

¥ Xy €5 be Stangs %»“Mmfeu{ by He dUut. . Stwee § Y poirwise
distiwpwi shable by L | T dist. exTewtion T st xzel OF veel.
WIS + M G fle wovp wmives ow Sitler X7 or g3,

lek gy =9, = Stole M readres ow x (o5 ¢)

=) 9x3 = Tyz ... comt Qe both o
/’ &, @ : s wd e sk 7

<>  cowtradi dhow
\ '
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Another Example Loim @ Evey OFA Tl recoguives [
T wmmst hove 7 L4 gtekes

V-

B={we{0,1} | |w| =2}

Theorem: If S is pairwise distinguishable by L, then every DFA
recognizing L must have at least |S| states

S={¢, 0,00, 000 )} \\»\\-u.ih‘owt A DPA Ncogwfm'v?(;mq:

Exerdey Chede M 4 the o Du iw € : “Mic‘&pjc,wwd Yo osepT
ai ‘ \ \{ Sees L o

‘(M o . LL““WMS " u

* x=¢ Y=0 \%‘«O, 0w Twpwk 02 W L o
Thewm: Xz =€£0=0¢ B ® On Wk 00: “ nuds to ot !

tz2=00¢c¥V / o Ou (v.pvk 000¢  weds 4o retect "

—
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Question: Distinguishing Extension

Which of the following is a valid distinguishing extension for
x = 0andy = 00forthelanguage B ={w € {0,1}" | l[w| =2}7?

(@) z=¢ J

«— Xz= 000 £
Yz = 0000 ¢
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Historical Note

Converse to the distinguishing set method:

If L has no distinguishing set of size > k, then L is recognized by a
DFA with k states

Myhill-Nerode Theorem (1958): L is recognized by a DFAwith < k
states if and only if L does not have a distinguishing set of size > k

§ ™ =
T
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Non-Regularity

Theorem: If S is pairwise distinguishable by L, then every DFA

recognizing L must have at least |S| states

(,ow"r«.PosH‘L‘ve toem:

2 DFA reoogm(yfv% L willh <K §toke s = ‘h'lf—lt s Ho pPeirwwe dﬂ\ﬂw‘;%dg
sef o L with 2K stokes,

Corollary: If S is an infinite set that is pairwise distinguishable by L,

then no DFA recognizes L

Cowrma posirive  kow :

I ORA rcoprivie L = L dog not howt em inbkinite podrwiie

oMsh *xw‘sho‘ale sel

Prool TheX " cosmpsitive of Thm =>  Ouwbagositie o orallay ™

lok L ke recoguized by fome OFA, Lol K o the mumber of stokes,

(By cowtea positie ol Tia) => tae s no  poirwize djn’rl‘ufw‘shc‘sle set of shae 7 K- |
=> L dos usT hore on NMbuie pourwie dia. set. B
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The Classic Example

Theorem: A = {0™1" |[n = 0} is not regular

Proof: We construct an infinite pairwise distinguishable set
S - {e\o‘o’o\ooo\,,.g < {o" \ mo%

le X Yy €S be odaitrony  Qistind STOVES
=) wWe Lm wate  y o M o y=o" (hm 20 | n;‘m>

\ . n \ \ \ . -~
UMM . Zz =1 (s Q d}\h\'ﬁ)MSlMVf Rxtemson |

X2= O"* e AV
yz = o™ " ¢ A X
Slug & O om  labwite  pairwise Ot SE Ges A
= A 5 st vepuler = po DPA/NFA  com recogve A. @
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Next time: More Non-Regularity & Test Review
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